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Abstrat
We give a formula, in terms of produts of ommutators, for the appliation of the odd multi-
pliative harater to higher Loday symbols. On our way we onstrut a produt on the relative
K-groups and investigate the multipliative properties of the relative Chern harater.
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1. Introdution
To eah nitely summable Fredholm module (F,H) over a C-algebra A, A. Connes and M.
Karoubi assoiate a multipliative harater on algebrai K-theory
MF : Kn(A)→ C/(2pii)
⌈n
2
⌉Z
The onstrution uses the relative K-groups of a unital Banah algebra and the relative Chern
harater with values in ontinuous yli homology. It an be understood as a pairing between
the abelian group generated by nitely summable Fredholm modules and algebrai K-theory,
[12℄.
In the ase where n = 1 the multipliative harater has a diret interpretation as a Fredholm
determinant, see [12℄. Likewise, in the ase where n = 2 the multipliative harater oinides
with the determinant invariant as dened in [4, 5℄. See also [23℄. In partiular, when the
C-algebra A is ommutative we have the expliit formula
(1) MF ([e
a] ∗ [eb]) = −Tr[PaP, PbP ] ∈ C/(2pii)Z
for the appliation of the multipliative harater to the Loday produt [ea] ∗ [eb] ∈ K2(A).
Furthermore this implies the independene of the harater under trae lass perturbations, [15℄.
Note that a desription of the multipliative harater in terms of a (dierent) entral extension
has also been obtained in [12℄. We ould thus try to think of the multipliative harater as an
extension of the determinant invariant to higher K-theory. The aim of the present paper is then
to nd an analogue of the formula (1) in higher dimensions. This pursuit ould be justied by
the large amount of researh whih fous on the quantity Tr[PaP, PbP ] ∈ C, see [1, 2, 8, 9, 14℄,
among others. We would also like to mention the use of the determinant invariant in relation
with the Szegö limit theorem, [6, 7℄.
Let us x an odd 2p-summable Fredholm module (F,H) over a ommutative Banah algebra.
The interior Loday produt makes the diret sum of algebrai K-groups ⊕∞n=1Kn(A) into a
graded ommutative ring, see [18℄. We an thus onsider the appliation of the multipliative
harater to the Loday produt [ea0 ] ∗ . . .∗ [ea2p−1 ] ∈ K2p(A). Here a0, . . . , a2p−1 ∈M∞(A). The
main result of the present paper is then the onrete formula
MF ([e
a0 ] ∗ . . . ∗ [ea2p−1 ])
= (−1)pcp
∑
s∈SE2p−1
sgn(s)Tr([PTR(a0)P, PTR(as(1))P ] · . . . ·
[PTR(as(2p−2))P, PTR(as(2p−1))P ]) ∈ C/(2pii)
pZ
(2)
Here cp ∈ Q is a onstant and SE2p−1 ⊆ Σ2p−1 is the subset of permutations satisfying s(2i) <
s(2i+ 1). The operator P = (F + 1)/2 is the projetion assoiated with the Fredholm module
(F,H). This shows that the multipliative harater is alulizable on the subgroup of K2p(A)
generated by Loday produts of elements in the onneted omponent of the identity. Note
that the ommutativity assumption serves to ensure the existene of the interior Loday produt
whih is needed for the alulation to make sense.
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Now, for eah 2p-tuple (a0, . . . , a2p−1) ∈M∞(A) we dene the omplex number
〈a0, . . . , a2p−1〉 = (−1)
pcp
∑
s∈SE2p−1
sgn(s)Tr([PTR(a0)P, PTR(as(1))P ] · . . . ·
[PTR(as(2p−2))P, PTR(as(2p−1))P ]) ∈ C
Let us then reet a bit on what we have obtained. First of all, hoosing a dierent "logarithm"
for eai ∈ GL0(A), that is some bi ∈M∞(A) with e
bi = eai , we get that the dierene
(3) 〈a0, . . . , ai, . . . , a2p−1〉 − 〈a0, . . . , bi, . . . , a2p−1〉 ∈ (2pii)
pZ
is in the additive group (2pii)pZ. That is, the quantity (3) is essentially the index of some
Fredholm operator. This is an immediate Corollary of the formula (2). Furthermore we get a
ouple of desirable properties straight from the orresponding properties of the Loday produt
and the algebrai K-groups, [18℄. For example, the map
GL(A)2p → C/(2pii)pZ (g0, . . . , g2p−1) 7→MF ([g0] ∗ . . . ∗ [g2p−1])
is multilinear and it sends eah tuple with an elementary entrane, gi ∈ E(A), to zero.
The similiarity of the trae formula in (2) with the expression in the bivariant ase, makes us
expet the following generalizations : First of all the quantity 〈a0, . . . , a2p−1〉 ∈ C should be
invariant under perturbations of the operators PaiP by elements in the Shatten ideal L
p(H).
Furthermore, under suitable onditions, we expet our form to be expressible by means of an
integral over the joint essential spetrum of the operators in question.
Finally, we would like to explain briey how the main result is obtained. In order to alulate
the multipliative harater of some element [x] ∈ K2p(A) the rst obstale is to onstrut a
lift in relative K-theory,
[γ] ∈ Krel2p (A) θ[γ] = [x]
In the speial ase where the element [x] ∈ K2p(A) is given by a produt of ontratible invertible
operators this is aomplished by the onstrution of an expliit produt on the relative K-
groups. The produt makes the diret sum of relative K-groups ⊕∞n=1K
rel
n (A) into a graded
ommutative ring and the map θ : ⊕∞n=1K
rel
n (A) → ⊕
∞
n=1Kn(A) beomes a homomorphism of
graded rings (reall that A is assumed to be ommutative). The question of nding the lift
[γ] ∈ Krel2p (A) then redues to lifting eah of the elements [gi] ∈ K1(A). This is possible by the
ontratibility assumption. The onstrution of the produt is arried out in Setion 3. On our
way we also express the seond relative K-group as the seond homology group of a ertain
simpliial set.
Having found the lift [γ] ∈ Krel2p (A) the next problem is to alulate the relative Chern harater
of the lift
h
rel : Krel2p (A)→ HC2p−1(A) h
rel[γ] =?
Following the same vein of ideas we show in Setion 4 that the relative Chern harater is
a homomorphism of graded rings. This should be understood in the following sense : The
relative Chern harater has degree minus one, so the orresponding produt in ontinuous
yli homology has degree plus one,
∗ : HCn−1(A)⊗C HCm−1(A)→ HCn+m−1(A) x ∗ y = x× (sN)(y)
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See also [19℄. The alulation in question thus redues to the ase of h
rel : Krel1 (A)→ HC0(A).
The elements in Krel1 (A) are represented by smooth maps σ : [0, 1]→ GL(A) mapping 0 to the
identity 1 ∈ GL(A) and the relative Chern harater essentially determines the orresponding
logarithm of the endpoint σ(1) ∈ GL0(A).
The desired formula (2) an now be obtained from ombinatorial onsiderations on the index
oyle assoiated with Fredholm modules over ommutative algebras. This is arried out in
Setion 5 where the main Theorem is presented.
We begin by giving an aount of the various produt strutures whih will be used throughout
the paper.
Aknowledgements: I would like to thank Ryszard Nest for his ontinuous support and many
helpful omments. I would also like to thank Jerome Kaminker for the nie talk we had at the
U.C. Davis on the subjet of the paper. Finally I am very grateful to Max Karoubi for giving
me some valuable indiations related to his fruitful geometri viewpoint.
2. A preliminary on various produt strutures in homology
2.1. The exterior shue produt. Let A and B be unital Banah algebras. We let A⊗ˆB
denote the projetive tensor produt of A and B in the sense of Grothendiek, [13℄. The
denition of the simpliial sets Rp(A) an be found in Setion 3.
For eah p, q ∈ N we x an isomorphism ϕ : Ap ⊗Z B
q → (A ⊗Z B)
pq
of (A ⊗Z B)-bimodules.
We then have the assoiated group homomorphisms
⊗ϕ : GLp(A)×GLq(B)→ GLpq(A⊗Z B) and
⊗ˆϕ = ι ◦ ⊗ϕ : GLp(A)×GLq(B)→ GLpq(A⊗ˆB)
Here ι : GLpq(A⊗ZB)→ GLpq(A⊗ˆB) is indued by the "identity" homomorphism ι : A⊗ZB →
A⊗ˆB.
A pointwise version of the ompleted tensor produt yields a map of simpliial sets
⊗ˆϕ : Rp(A)× Rq(B)→ Rpq(A⊗ˆB) (σ, τ) 7→ (t 7→ σ(t)⊗ˆϕτ(t))
Composition with the shue map [21℄
sh : C∗(Rp(A))⊗ C∗(Rq(B))→ C∗(Rp(A)×Rq(B))
therefore equips us with a hain map
×ϕ = ⊗ˆϕ ◦ sh : C∗(Rp(A))⊗ C∗(Rq(B))→ C∗(Rpq(A⊗ˆB))
We will refer to the sum of smooth maps
σ ×ϕ τ =
∑
(µ,ν)∈Σn,m
sgn(µ, ν)sν(m−1) . . . sν(0)(σ)⊗ˆϕsµ(n−1) . . . sµ(0)(τ)
as the exterior shue produt of σ ∈ Rp(A)n and τ ∈ Rq(B)m. Here Σ(n,m) ⊆ Σn+m denotes the
set of (n,m)-shues. Note that it follows by Lemma 3.9 that the indued map on homology
× : Hn(Rp(A))⊗Hm(Rq(B))→ Hn+m(Rpq(A⊗ˆB))
is independent of the hoie of isomorphism ϕ : Ap ⊗Z B
q → (A⊗Z B)
pq
.
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2.2. The exterior wedge produt in Lie algebra homology. Let A and B be unital
Banah algebras. For eah n ∈ N we let ΛnA denote the kernel of the map
S : A⊗ˆ . . . ⊗ˆA︸ ︷︷ ︸
n
→ A⊗ˆ . . . ⊗ˆA︸ ︷︷ ︸
n
S(a1 ⊗ . . .⊗ an) =
∑
σ∈Σn
sgn(σ)aσ−1(1) ⊗ . . .⊗ aσ−1(n)
Remark that the Banah spae ΛnA identies with the quotient of A
⊗ˆn
by the usual ation of
the symmetri group.
By the ontinuous Lie algebra homology of the (unital) Banah algebra A we will then under-
stand the homology of the hain omplex (Λ∗A, δ). Here δ : ΛnA → Λn−1A is the Chevalley-
Eilenberg boundary map.
We let
· ⊗ 1B : Λ∗A→ Λ∗(A⊗ˆB) and 1A ⊗ · : Λ∗B → Λ∗(A⊗ˆB)
denote the hain maps obtained by funtoriality from the ontinuous algebra homomorphisms
x 7→ x⊗ 1B and y 7→ 1A ⊗ y
We then have a hain map
∧E : Λ∗A⊗ Λ∗B → Λ∗(A⊗ˆB)
dened by
x⊗ y 7→ (x⊗ 1B) ∧ (1A ⊗ y) x ∈ ΛnA , y ∈ ΛmB
For eah x ∈ ΛnA and eah y ∈ ΛmB we will refer to the element
x ∧E y := (x⊗ 1B) ∧ (1A ⊗ y)
as the exterior wedge produt of x and y. We let
∧E : HLien (A)⊗H
Lie
m (B)→ H
Lie
n+m(A⊗ˆB)
denote the indued map on ontinuous Lie algebra homology. The exterior wedge produt, thus
dened, is seen to be assoiative and graded ommutative on the level of omplexes.
2.3. The exterior produt of degree one in yli homology. Let A and B be unital
Banah algebras. We let
× :
(
C(A)⊗ C(B)
)
∗
→ C∗(A⊗ˆB)
denote the exterior shue produt on the ontinuous Hohshild omplex, [19, Setion 4.2℄.
Furthermore, we let (Cλ∗ (A), b) denote the ontinuous yli omplex. Thus in eah degree
n ∈ N∪{0} we have a Banah spae Cλn(A), [12, 17℄. Remark that the image Im(1−t) ⊆ A⊗ˆA
⊗ˆn
is losed sine it oinides with the kernel of the norm operator N : A⊗ˆA⊗ˆn → A⊗ˆA⊗ˆn.
By the exterior produt of degree one in ontinuous yli homology we will understand the
map
∗ : Cλn(A)⊗ C
λ
m(B)→ C
λ
n+m+1(A⊗ˆB)
dened by
x ∗ y = x× (sNy) x ∈ Cλn(A) , y ∈ C
λ
m(B)
Here N : Cm(B)→ Cm(B) is the norm operator N = 1+t+ . . .+t
m
and s : Cm(B)→ Cm+1(B)
is the extra degeneray.
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We will need to show that the produt is well dened. For this, onsider the map
E : Cn(A)→ Λn+1Mn+1(A) (a0, . . . , an) 7→ E12(a0) ∧ . . . ∧ E(n+1)1(an)
where Eij(a) denotes the elementary matrix with a ∈ A in position (i, j) and zeros elsewhere,
[20, 27℄.
From Theorem 4.4 and Theorem 4.5 we then get the equality
x ∗ y = (TR ◦ ε)(E(x) ∧E E(y)) x ∈ Cn(A) , y ∈ Cm(B)
where ε : Λ∗Mk(A)→ C
λ
∗−1(Mk(A)) and TR : C
λ
∗ (Mk(A))→ C
λ
∗ (A) denote the antisymmetriza-
tion map and the generalized trae on ontinuous yli homology respetively. It follows that
the produt is well dened and that it is assoiative and graded ommutative on the level of
omplexes.
Lastly, the Hohshild boundary is a (shifted) graded derivation with respet to the produt
b(x ∗ y) = (bx) ∗ y + (−1)deg(x)+1x ∗ (by)
It follows that our multipliation desends to an exterior produt of degree one on ontinuous
yli homology
∗ : HCn(A)⊗C HCm(B)→ HCn+m+1(A⊗ˆB)
In the ase where the unital Banah algebra A is ommutative we get an interior produt
∗ : HCn(A)⊗C HCm(A)→ HCn+m+1(A)
by omposition of the exterior produt with the map indued by the multipliation∇∗ : A⊗ˆA→
A.
For further details on the onstrutions given in this setion we refer to [19, 28℄.
3. An exterior produt on the relative K-theory of Banah algebras
Let A be a unital Banah algebra. Before giving the onstrution of the exterior produt, we
reall the denition of the relative K-groups, as introdued by M. Karoubi, [17℄.
To this end, for eah n ∈ N0 we let ∆
n = {(t1, . . . , tn) ∈ R
n | ti ≥ 0 ,
∑n
i=1 ti ≤ 1} denote the
standard n-simplex and we let 0, . . . ,n ∈ ∆n denote the verties.
For eah p ∈ N∪ {∞} we then assoiate a simpliial set Rp(A). In degree n ∈ N0 it is given by
the set of normalized ontinuous maps
σ : ∆n → GLp(A) σ(0) = 1p
The fae operators and degeneray operators are given by
di(σ)(t1, . . . , tn−1) =
{
σ(1−
∑n−1
j=1 tj, t1, . . . , tn−1) · σ(1)
−1
for j = 0
σ(t1, . . . , ti−1, 0, ti, . . . , tn−1) for j ∈ {1, . . . , n}
sj(σ)(t1, . . . , tn+1) =
{
σ(t2, . . . , tn+1) for j = 0
σ(t1, . . . , ti−1, ti + ti+1, . . . , tn+1) for j ∈ {1, . . . , n}
Remark the extra fator σ(1)−1 in the expression for d0 : Rp(A)n → Rp(A)n−1. We will often
refer to the simpliial set R∞(A) by R(A).
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The fundamental group of the pointed Kan omplex Rp(A) is given by
pi1(Rp(A)) = Rp(A)1/ ∼
where ∼ denotes the equivalene relation of homotopies with xed end points. The group
struture is given by pointwise multipliation. For eah p ∈ {3, 4, . . .} ∪ {∞} the ommutator
subgroup is seen to be perfet and we an thus apply the plus onstrution to the geometri
realization of Rp(A).
Denition 3.1. [17℄ By the relative K-groups of the unital Banah algebra A we will under-
stand the homotopy groups of the pointed topologial spae |R(A)|+,
Kreln (A) := pin(|R(A)|
+)
The relative K-groups relate the algebrai K-groups and topologial K-groups through the
long exat sequene
(4)
. . . Ktopn+1(A) K
rel
n (A) Kn(A)
. . . Kn−1(A) K
rel
n−1(A) K
top
n (A)
✲
i
✲
v
✲
θ
❄
i
✛
i
✛
θ
✛
v
Here the map θ : Kreln (A)→ Kn(A) is indued by the map of simpliial sets
θ : Rp(A)→ BGLp(A) σ 7→ (σ(0)σ(1)
−1, . . . σ(n− 1)σ(n)−1)
For later use we give a result on the homology of the simpliial set R(A). For this, let R∞(A)
denote the orresponding simpliial set with ontinuous maps replaed by smooth maps. We
then have the following isomorphism,
Lemma 3.2. The simpliial map i : R∞(A)→ R(A) given by inlusion, yields an isomorphism
in homology, Hn(R
∞(A)) ∼= Hn(R(A)).
Proof. For eah r > 0 we hoose a smooth map δr ∈ C
∞
c (R
n) whih is supported on the ball
around 0 with radius r and whih satises δr ≥ 0 and
∫
Rn
δrdx = 1.
For eah ompatly supported ontinuous funtion σ ∈ Cc(R
n,Mp(A)) with σ(t) ∈ GLp(A) for
all t ∈ ∆n we an dene the ontinuous homotopy H(σ) : [0, 1]×∆n →Mp(A)
H(σ)(r, t) =
{
(δr ∗ σ)(t) r > 0
σ(t) r = 0
Here ∗ denotes the onvolution produt of ompatly supported maps. We note thatH(σ)(r, ·) :
∆n → GLp(A) for suiently small r > 0. The result is then a onsequene of the GLp(A)-
invariane of the homotopy, H(σ · g) = H(σ) · g. 
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3.1. A alulation of the seond relative K-group. In this setion we show that the
seond relative K-group is isomorphi to the seond homology group of a ertain simpliial set.
The result is thus similar to the result in [18, 22, 23℄. Here the seond algebrai K-group of
a ring (using Quillen's denition) is shown to agree with the seond homology group of the
elementary matries over the ring. The present alulation is relevant for our expliit denition
of the exterior produt on the relative K-groups.
Let F (A)1 ⊆ R(A)1 denote the smallest normal subgroup of R(A)1 whih ontains the ommu-
tators
στσ−1τ−1 ∈ F (A)1 ∀σ, τ ∈ R(A)1
and whih satises
α ∈ F (A)1 ⇒ α ∈ F (A)1 and α ∈ F (A)1 ⇒
(
gαg−1 ∈ F (A)1 ∀g ∈ GL(A)
)
Here α : t 7→ α(1− t) · α(1)−1 denotes the inverse path.
Now, we let ∼F denote the equivalene relation on R(A) whih is dened degreewise by
x ∼F y ⇔
(
∀I ∈ ∆[n]n−1∃τ ∈ F (A)1 : dI(x)τ = dI(y)
)
Here dI = di1 . . . din−1 : R(A)n → R(A)1 for eah 0 ≤ i1 < . . . < in−1 ≤ n. We let Q(A) =
R(A)/ ∼F denote the quotient simpliial set.
Theorem 3.3. The quotient map pi : R(A)→ Q(A) is a Kan bration.
Proof. Suppose that x0, . . . , xk−1, xk+1, . . . , xn ∈ R(A)n−1 are ompatible and suppose that
y ∈ Q(A)n satises di(y) = pi(xi) for all i 6= k. We will only onsider the problemati ase of
n = 2.
We start by hoosing a z ∈ R(A)2 with pi(z) = y. Suppose that k = 0. For eah i ∈ {1, 2}
we hoose a τi ∈ F (A)1 with di(z) · τi = xi. We dene the appropriate lift x ∈ R(A)2 by the
formula
x(t1, t2) = z(t1, t2)τ1(t2)τ2(t1) ∀(t1, t2) ∈ ∆
2
A alulation of the faes of x ∈ R(A)2 then shows that pi(x) = y, that d1(x) = x1, and that
d2(x) = x2.
The ases where k = 1 or k = 2 are treated in a similar fashion. The appropriate lifts are given
by
x(t1, t2) = z(t1, t2) · z(1)
−1τ0(t2)z(1) · τ2(t1 + t2) and
x(t1, t2) = z(t1, t2) · z(1)
−1τ1(1− t1)τ1(1)
−1z(1) · τ2(t1 + t2)
respetively. 
Let F (A) denote the ber of the Kan bration pi : R(A)→ Q(A)
Lemma 3.4. The inlusion i : F (A)→ R(A) indues an isomorphism
pin(i) : pin(F (A))→ pin(R(A)) for all n ≥ 2
The fundamental group of the ber F (A) equals the ommutator subgroup of pi1(R(A)) and the
indued map
pi1(i) :
[
pi1(R(A)), pi1(R(A))
]
→ pi1(R(A))
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is the inlusion.
Proof. We will only onsider the alulation of the fundamental group of the ber. For this,
note that
pi1(F (A)) = F (A)1/ ∼ and pi1(R(A)) = R(A)1/ ∼
where ∼ in both ases denotes homotopies through GLp(A) with xed endpoints. The proof
of the lemma is then essentially a matter of heking that eah element in pi1(F (A)) an be
represented by a ommutator of elements in R(A)1. This follows sine
α ∼ α−1 for eah α ∈ R(A)1
and sine
gαg−1 ∼ γg
(
α1/2 0
0 1
)
(γg)
−1
for eah g ∈ GL(A) , α ∈ R(A)1
Here α1/2(t) = 1 for all t ∈ [0, 1/2) and γg ∈ R(A)1 satises γg(t) =
(
g 0
0 g−1
)
for all
t ∈ [1/4, 1]. 
Corollary 3.5. The homotopy groups of Q(A) are given by
pin(Q(A)) =
{
0 for n ≥ 2
pi1(R(A))/[pi1(R(A)), pi1(R(A))] for n = 1
The indued map pi1(pi) : pi1(R(A))→ pi1(Q(A)) is the quotient map.
Proof. This is immediate from the long exat sequene of homotopy groups assoiated with the
Kan bration F (A)→ R(A)→ Q(A) and Lemma 3.4. 
Let F denote the homotopy ber of the map pi+ : |R(A)|+ → |Q(A)| indued by the quotient
map pi : R(A)→ Q(A).
Theorem 3.6. The inlusion i : F (A)→ R(A) gives rise to a homotopy equivalene
f+ : |F (A)|+ → F
Proof. This follows from [3℄ sine pi1(Q(A)) is abelian. 
With this preise desription of the homotopy ber F in hand, we are able to obtain the desired
alulation of the seond relative K-group.
Corollary 3.7. The spae |F (A)|+ is simply onneted and the map
i+ : |F (A)|+ → |R(A)|+
indued by the inlusion i : F (A)→ R(A) yields an isomorphism
pin(i
+) : pin(|F (A)|
+)→ pin(|R(A)|
+) = Kreln (A)
for all n ≥ 2.
Proof. This is immediate from the long exat sequene of homotopy groups arising from the
bration |F (A)|+ → |R(A)|+ → |Q(A)|. 
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Corollary 3.8. The seond relative K-group of the unital Banah algebra A is isomorphi to
the seond homology group of the simpliial set F (A)
Krel2 (A)
∼= H2(F (A))
Proof. Sine |F (A)|+ is simply onneted the Hurewiz homomorphism
h2 : pi2(|F (A)|
+)→ H2(|F (A)|
+) ∼= H2(|F (A)|) ∼= H2(F (A))
is an isomorphism. But the group pi2(|F (A)|
+) is isomorphi to Krel2 (A) by Corollary 3.7. 
3.2. An H-group struture on |R(A)|+. In this setion we show that a pointwise version
of the diret sum on GL(A) determines a ommutative H-group struture on |R(A)|+. Our
exposition will follow [18, Setion 1.2℄ and [29℄ losely.
Let A be a unital Banah algebra. We dene the diret sum on the simpliial set R(A) as a
pointwise version of the diret sum on GL(A), thus
⊕ : R(A)× R(A)→ R(A) (σ, τ) 7→ (t 7→ σ(t)⊕ τ(t))
Let ⊕+ : |R(A)×R(A)|+ → |R(A)|+ denote the map indued by funtoriality of the geometri
realization and the plus-onstrution. Furthermore, let
k−1 : |R(A)|+ × |R(A)|+ → |R(A)× R(A)|+
denote some homotopy inverse of the homotopy equivalene given by the projetion onto eah
fator. We then dene the sum on |R(A)|+ as the omposition
+ = ⊕+ ◦ k−1 : |R(A)|+ × |R(A)|+ → |R(A)|+
This will be the omposition in our ommutative H-group struture on |R(A)|+. The neutral
element will be given by the onstant map 1 : ∆n → GL(A).
Now, to eah injetion u : N→ N there is a group homomorphism u : GL(A)→ GL(A) dened
by
u(g)ij =
{
gkl for i = u(k), j = u(l)
δij elsewhere
We extend this onstrution to a pointwise version, assoiating a simpliial map
u : R(A)→ R(A) σ 7→
(
t 7→ u(σ(t))
)
to eah injetive map u : N → N. We let u+ : |R(A)|+ → |R(A)|+ denote the map indued by
funtoriality.
Lemma 3.9. For eah elementary matrix g ∈ E(A) the (pre)-simpliial maps
Adg : R(A)→ R(A) and Adg : F (A)→ F (A)
given by σ 7→ gσg−1 are homotopi to the identity. In partiular, for eah injetion u : N→ N
we have
u∗ = Id : H∗(R(A))→ H∗(R(A)) and u∗ = Id : H∗(F (A))→ H∗(F (A))
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Proof. We will only onsider the ase of F (A). Let g ∈ E(A). Let γ ∈ F (A)1 satisfy γ(0) = 1
and γ(1) = g. We then dene a presimpliial homotopy hi : F (A)n → F (A)n+1 by
hi(σ) = (sn . . . si+1si−1 . . . s0)(γ) · si(σ)
proving the rst statement of the lemma. To prove the seond statement, let u : N → N
be injetive and note that to eah nite number of elements σ1, . . . , σm ∈ F (A)n there is an
elementary matrix g ∈ E(A) suh that
u(σi) = g · σi · g
−1
for all i ∈ {1, . . . , m}
Sine eah element in x ∈ Hn(F (A)) is represented by a nite number of element in F (A)n we
must have u∗(x) = x. 
The results obtained in Setion 3.1 together with the lassial Whitehead theorem now allows
us to show that the monoid of injetions u : N→ N ats on |R(A)|+ by homotopy equivalenes.
Theorem 3.10. For eah injetion u : N→ N the indued map
u+ : |R(A)|+ → |R(A)|+
is a homotopy equivalene.
Proof. We show that
u+ : |R(A)|+ → |R(A)|+
is a weak equivalene and refer to Whitehead's theorem.
For n = 1 we note that pi1(|R(A)|
+) ∼= H1(R(A)), so pi1(u
+) : pi1(|R(A)|
+)→ pi1(|R(A)|
+) is an
isomorphism by Lemma 3.9.
For n ≥ 2 we note that pin(|F (A)|
+) ∼= pin(|R(A)|
+) by Corollary 3.7. Sine the spae |F (A)|+
is simply onneted, we will only need to show that u+ : |F (A)|+ → |F (A)|+ indues an
isomorphism in homology. However, this is a onsequene of Lemma 3.9. 
The ommutative H-group properties of the sum + : |R(A)|+ × |R(A)|+ → |R(A)|+ and the
neutral element 1 ∈ |R(A)|+ an now be obtained by a rephrasing of the arguments in [18,
Setion 1.2℄.
Corollary 3.11. For eah injetion u : N→ N the indued map
u+ : |R(A)|+ → |R(A)|+
is homotopi to the identity.
Proof. This is a onsequene of the Groethendiek group of the monoid of injetions u : N→ N
being trivial. See [18, Lemma 1.2.8℄. 
Theorem 3.12. The appliation + : |R(A)|+ × |R(A)|+ → |R(A)|+ and the neutral element
1 ∈ |R(A)|+ dene a ommutative H-group struture on |R(A)|+.
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Proof. That the sum and the neutral element denes a homotopy assoiative and homotopy
ommutative H-spae struture follows from Corollary 3.11 sine the appropriate maps are
homotopi up to omposition with some u+ : |R(A)|+ → |R(A)|+ . The existene of a homo-
topy inverse is automati sine we are working exlusively with onneted CW -omplexes, [25,
Theorem 3.4℄. 
We end this setion by showing that the map θ : |R(A)|+ → BGL(A)+, indued by the simpliial
map θ : σ 7→ (σ(0)σ(1)−1, . . . , σ(n− 1)σ(n)−1), respets the H-group strutures.
Theorem 3.13. The map θ : |R(A)|+ → BGL(A)+ is an H-map.
Proof. This is essentially a matter of heking that the simpliial maps given by
θ ◦ ⊕ and ⊕ ◦(θ × θ) : R(A)×R(A)→ BGL(A)
oinide. 
3.3. Constrution of the produt in relative K-theory. In this setion we show that a
pointwise version of the exterior Loday produt, determines a multipliative struture on the
relative K-groups. The exposition will follow [18, Setion 2.1℄ losely.
Let A and B be unital Banah algebras.
Let p, q ∈ {3, 4, . . .} be xed and let ϕ : Ap ⊗Z B
q → (A⊗Z B)
pq
denote some isomorphism of
A⊗Z B-bimodules. As in Setion 2.1 we have a orresponding map of simpliial sets
⊗ˆϕ : Rp(A)× Rq(B)→ Rpq(A⊗ˆB)
We let ⊗ˆ
+
ϕ : |Rp(A) × Rq(B)|
+ → |Rpq(A⊗ˆB)| denote the indued map between the plus-
onstrutions. Furthermore, let
k−1 : |Rp(A)|
+ × |Rq(B)|
+ → |Rp(A)×Rq(B)|
+
denote some homotopy inverse to the map given by the projetion onto eah fator. We then
dene the tensor produt
⊗ˆ
+
= ι+ ◦ ⊗ˆ
+
ϕ ◦ k
−1 : |Rp(A)|
+ × |Rq(B)|
+ → |R(A⊗ˆB)|+
Here ι+ : |Rpq(A⊗ˆB)|
+ → |R(A⊗ˆB)|+ is determined by funtoriality from the inlusion ι :
Rpq(A⊗ˆB)→ R(A⊗ˆB).
Following the argumentation of Theorem 3.12 we see that the tensor produt thus dened is
natural in A and B, bilinear, assoiative and ommutative up to homotopy. Furthermore, it
only depends on the hoie of isomorphism ϕ : Ap ⊗Z B
q → (A⊗Z B)
pq
of (A⊗Z B)-bimodules
up to homotopy. See also [18, Setion 2.1.2℄.
Now, in order to get a map whih desends to the smash produt and whih behaves well when
p and q tend to innity we dene
γrelp,q : |Rp(A)|
+ × |Rq(B)|
+ → |R(A⊗ˆB)|+
γrelp,q : (x, y) 7→ x⊗ˆ
+
y − x⊗ˆ
+
1q − 1p⊗ˆ
+
y + 1p⊗ˆ
+
1q
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Here the minus sign omes from the (ommutative) H-group struture on |R(A⊗ˆB)|+ dened
in Setion 3.2. The elements 1p ∈ |Rp(A)|
+
and 1q ∈ |Rq(B)|
+
are given by the onstant maps
1p : ∆
n → GLp(A) and 1q : ∆
n → GLq(B).
It is then immediate that the restrition γrelp,q : |Rp(A)|
+ ∨ |Rq(B)|
+ → |R(A⊗ˆB)|+ is homotopi-
ally trivial. Sine |R(A⊗ˆB)|+ is an H-group we thus get a map on the smash produt
γ̂relp,q : |Rp(A)|
+ ∧ |Rq(B)|
+ → |R(A⊗ˆB)|+
whih is unique up to homotopy and whih makes the maps
γ̂relp,q ◦ pi and γ
rel
p,q : |Rp(A)|
+ × |Rq(B)|
+ → |R(A⊗ˆB)|+
homotopi. Here pi : |Rp(A)|
+ × |Rq(B)|
+ → |Rp(A)|
+ ∧ |Rq(B)|
+
denotes the quotient map.
The argumentation expliited in [18, p.333-335℄ now ensures the existene of a ontinuous map
γ̂rel : |R(A)|+ ∧ |R(B)|+ → |R(A⊗ˆB)|+
whih is natural in A and B, bilinear, assoiative and ommutative up to weak homotopies.
Furthermore, for any p, q ∈ {3, 4, . . .} the maps
γ̂relp,q and γ̂
rel ◦ (ι ∧ ι) : |Rp(A)|
+ ∧ |Rq(B)|
+ → |R(A⊗ˆB)|+
agree up to weak homotopy. Here ι∧ ι : |Rp(A)|
+ ∧ |Rq(B)|
+ → |R(A)|+ ∧ |R(B)|+ denotes the
inlusion. This enables us to make the following denition.
Denition 3.14. By the exterior produt in relative K-theory we understand the map
∗rel : Kreln (A)×K
rel
m (B)→ K
rel
n+m(A⊗ˆB)
given by the formula
[f ] ∗rel [g] = [γ̂rel ◦ (f ∧ g)]
for eah [f ] ∈ pin(|R(A)|
+) and [g] ∈ pim(|R(B)|
+).
The naturality, bilinearity and assoiativity up to weak homotopies of the map γ̂rel : |R(A)|+ ∧
|R(B)|+ → |R(A⊗ˆB)|+ imply the orresponding properties for the exterior produt.
Theorem 3.15. The exterior produt in relative K-theory
∗rel : Kreln (A)×K
rel
m (B)→ K
rel
n+m(A⊗ˆB)
is natural, bilinear and assoiative.
In the ase where the unital Banah algebra A is ommutative we get an interior produt
∗rel : Kreln (A)×K
rel
m (A)→ K
rel
n+m(A)
given by omposition of the exterior produt with the map indued by the ontinuous algebra
homomorphism ∇ : A⊗ˆA→ A , a1⊗ a2 7→ a1 · a2. We are thus able to equip the diret sum of
relative K-groups ⊕∞n=1K
rel
n (A) with the struture of a graded ommutative ring. See also [18,
Theorem 2.1.12℄.
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3.4. Relations with the Loday produt. Our task is now to ompare the exterior produt
of Loday in algebrai K-theory with the exterior produt in relative K-theory.
Let A and B be unital Banah algebras. Reall that the Loday produt
∗ : Kn(A)×Km(B)→ Kn+m(A⊗Z B)
is uniquely determined by the ontinuous maps
γp,q : BGLp(A)
+ × BGLq(B)
+ → BGL(A⊗Z B)
+
(x, y) 7→ x⊗+ y − 1p ⊗
+ y − x⊗+ 1q + 1p ⊗
+ 1q
Here the tensorprodut ⊗+ : BGLp(A)
+ × BGLq(B)
+ → BGL(A ⊗Z B)
+
is indued by the
group homomorphism
⊗ϕ : GLp(A)×GLq(B)→ GLpq(A⊗Z B) ⊆ GL(A⊗Z B)
assoiated with an isomorphism ϕ : Ap⊗ZB
q → (A⊗ZB)
pq
of A⊗ZB-bimodules. The additive
ompositions ome from the (ommutative) H-group struture on BGL(A⊗Z B)
+
, [18℄.
Denition 3.16. By the ompleted Loday produt in algebrai K-theory we will understand
the omposition
∗ˆ = ι∗ ◦ ∗ : Kn(A)×Km(B)→ Kn+m(A⊗ˆB)
of the Loday produt and the map indued by the "identity" ring homomorphism ι : A⊗Z B →
A⊗ˆB
We an then show that the homomorphism θ : Kreln (A)→ Kn(A) respets the exterior produt
strutures.
Theorem 3.17. For eah x ∈ Kreln (A) and eah y ∈ K
rel
m (B) we have the equality
θ(x ∗rel y) = θ(x) ∗ˆ θ(y)
in Kn+m(A⊗ˆB). In partiular, the map θ : ⊕n≥1K
rel
n (A)→ ⊕n≥1Kn(A) is a homomorphism of
graded ommutative rings whenever A is a ommutative, unital Banah algebra.
Proof. Let p, q ∈ {3, 4, . . .} and let ϕ : Ap ⊗Z B
q → (A ⊗Z B)
pq
denote some isomorphism of
(A⊗Z B)-bimodules. On the level of simpliial sets we then have the equality
θ(σ⊗ˆϕτ) = ι(θ(σ)⊗ϕ θ(τ)) for all σ ∈ Rp(A)n , τ ∈ Rq(B)n
This shows that the maps
θ ◦ ⊗ˆ
+
and ι+ ◦ ⊗+ ◦ (θ × θ) : |Rp(A)|
+ × |Rq(B)|
+ → BGL(A⊗ˆB)+
are homotopi. By Theorem 3.13 the map θ : |R(A⊗ˆB)|+ → BGL(A⊗ˆB)+ respets the H-
group strutures up to homotopy so the maps
θ ◦ γrelp,q and ι
+ ◦ γp,q ◦ (θ × θ) : |Rp(A)|
+ × |Rq(B)|
+ → BGL(A⊗ˆB)+
are homotopi. The desired result now follows by uniqueness of the involved onstrutions. 
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4. On the multipliative properties of the relative Chern harater
Let A be a unital Banah algebra. Let us start by realling the onstrution of the relative
Chern harater as introdued by A. Connes and M. Karoubi, [12, 17℄. By denition, the
relative Chern harater is obtained as the omposition of four maps
h
rel : Kreln (A)→ HCn−1(A) h
rel = TR ◦ ε ◦ L ◦ hn
We will give a brief desription of eah of the maps.
The rst map is the Hurewiz homomorphism assoiated with the pointed topologial spae
|R(A)|+,
hn : K
rel
n (A) = pin(|R(A)|
+)→ Hn(|R(A)|
+) ∼= Hn(R(A))
The seond map is the logarithm
L : Hn(R(A)) ∼= Hn(R
∞(A))→ lim
p→∞
HLien (Mp(A))
whih is given by the hain map
(5) L : σ 7→
∫
∆n
∂σ
∂t1
· σ−1 ∧ . . . ∧
∂σ
∂tn
· σ−1dt1 . . . dtn
Here σ : ∆n → GLp(A) is a smooth funtion. See [26℄. The isomorphism Hn(R(A)) ∼=
Hn(R
∞(A)) was proved in Lemma 3.2. Note that we are working with the ontinuous Lie algebra
omplex (Λ∗(A), δ), thus in eah degree we have a Banah spae, Λn(A), in the appropriate
quotient norm. This is needed in order for the above integral to make sense. See also Setion
2.2.
The third map is the antisymmetrization
ε : lim
p→∞
HLien (Mp(A))→ lim
p→∞
HCn−1(Mp(A))
whih is given by the ontinuous map
ε : x0 ∧ x1 ∧ . . . ∧ xn−1 7→
∑
s∈Σn−1
sgn(s)x0 ⊗ xs(1) ⊗ . . .⊗ xs(n−1)
Again, we are working with the ontinuous yli omplex (Cλn(A), b), thus in eah degree we
have a Banah spae, Cλn(A), in the appropriate quotient norm. See [19, 20℄.
The last map is the generalized trae on ontinuous yli homology
TR : lim
p→∞
HCn−1(Mp(A))→ HCn−1(A)
See [19℄ for example.
By [12, Theorem 3.7℄ the relative Chern harater ts in the (up to onstants) ommutative
diagram
. . . Ktopn+1(A) K
rel
n (A) Kn(A) K
top
n (A) . . .
. . . HCn+1(A) HCn−1(A) HHn(A) HCn(A) . . .
✲
i
✲
v
❄
h
top
n+1
✲
θ
❄
h
rel
n
✲
i
❄
Dn
✲
v
❄
h
top
n
✲
I
✲
S
✲
B
✲
I
✲
S
A CALCULATION OF THE MULTIPLICATIVE CHARACTER 17
Here the other olumns are the Dennis trae and the topologial Chern harater. The bottom
row is the SBI-sequene in ontinous homology. Remark that the relative Chern harater
dened in this setion diers from the one given in [12, 17℄ by the onstant (−1)n(n − 1)! on
Kreln (A). This is neessary to make the map respet the produt strutures.
4.1. The multipliative properties of the logarithm. Let A and B be unital Banah
algebras. In this setion we will show that the logarithm L : H∗(Rp(A)) → H
Lie
∗ (Mp(A))
respets the produt strutures on the homology of the simpliial sets Rp(A) and the Lie
algebra homology of the Banah algebras Mp(A). These exterior produts were introdued in
Setion 2.1 and Setion 2.2.
For eah n, p ∈ N and eah j ∈ {1, . . . , n} we dene the operator
Γj : C
∞(∆n, GLp(A))→ C
∞(∆n,Mp(A)) Γj : σ 7→
∂σ
∂tj
· σ−1
Furthermore we dene the wedge produt
γ : C∞(∆n, GLp(A))→ C
∞(∆n,Λn(Mp(A))) γ(σ)(t) = Γ1(σ)(t) ∧ . . . ∧ Γn(σ)(t)
Our rst task is then to understand the behaviour of γ with respet to the exterior shue prod-
ut. This is the ontent of Lemma 4.1. However we will start by introduing some onvenient
notation.
Let us x to smooth maps σ : ∆n → GLp(A) and τ : ∆
m → GLq(B) and let us hoose
an isomorphism ϕ : Ap ⊗Z B
q → (A ⊗Z B)
pq
of (A ⊗Z B)-bimodules. Furthermore we let
(µ, ν) ∈ Σ(n,m) be a xed (n,m)-shue. To ease the exposition we will assume that µ(0) = 0
and that ν(m− 1) = n +m− 1.
Let {A0, A1, . . . , A2k+1} denote the unique partition of {0, 1, . . . , n + m − 1} satisfying the
onditions⋃k
i=0A2i = Im(µ) ,
⋃k
i=0A2i+1 = Im(ν) and i < j ⇒ (x < y ∀x ∈ Ai , y ∈ Aj)
Let ki denote the smallest element in Ai and let k2k+2 = n+m. We assoiate the omposition
of degeneraies sAi = ski+1−1 . . . ski to eah set Ai in the partition. We then have the equality
sν(σ)⊗ˆϕsµ(τ) = sA2k+1 . . . sA3sA1(σ)⊗ˆϕsA2k . . . sA2sA0(τ) : ∆
n+m → GLpq(A⊗ˆB)
For eah j ∈ {0, . . . , k} we let
Ej =
∑j
i=0 |A2i| =
∑j
i=0(k2i+1 − k2i) and Oj =
∑j
i=0 |A2i+1| =
∑j
i=0(k2i+2 − k2i+1)
We then dene the smooth maps
ω2j : ∆
n+m → Λ|A2j |Mpq(A⊗ˆB) and ω2j+1 : ∆
n+m → Λ|A2j+1|Mpq(A⊗ˆB)
by the wedge produts
ω2j = sν(ΓEj−1+1(σ⊗ˆϕ1q) ∧ . . . ∧ ΓEj(σ⊗ˆϕ1q)) and
ω2j+1 = sµ(ΓOj−1+1(1p⊗ˆϕτ) ∧ . . . ∧ ΓOj(1p⊗ˆϕτ))
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Finally, let us reall the relations between the degeneraies and the partial dierential operators,
(6)
∂
∂tj
◦ si =
{
si ◦
∂
∂tj−1
for j > i > 0
si ◦
∂
∂tj
for j ≤ i
∂
∂tj
◦ s0 =
{
s0 ◦
∂
∂tj−1
for j > 1
0 for j = 1
We an then prove the following tehnial result,
Lemma 4.1. Let σ : ∆n → GLp(A) and τ : ∆
m → GLq(B) be a pair of smooth maps. For
eah (n,m)-shue (µ, ν) ∈ Σ(n,m) we then have the equality
γ(sν(σ)⊗ˆϕsµ(τ)) = sgn(µ, ν)sν(γ(σ⊗ˆϕ1q)) ∧ sµ(γ(1p⊗ˆϕτ))
between smooth maps ∆n+m → Λn+mMpq(A⊗ˆB)
Proof. We will assume that µ(0) = 0 and that ν(m − 1) = n +m− 1. The other ases an be
proved using similar arguments.
We start by noting that
ω0 ∧ ω1 ∧ . . . ∧ ω2k+1 = sgn(µ, ν)(ω0 ∧ ω2 ∧ . . . ∧ ω2k) ∧ (ω1 ∧ ω3 ∧ . . . ∧ ω2k+1)
= sgn(µ, ν)sν(γ(σ⊗ˆϕ1q)) ∧ sµ(γ(1p⊗ˆϕτ))
It is therefore suient to prove the identity
γ(sν(σ)⊗ˆϕsµ(τ)) = ω0 ∧ . . . ∧ ω2k+1
We will use indution to show that
Γ1(sν(σ)⊗ˆϕsµ(τ)) ∧ . . . ∧ Γki(sν(σ)⊗ˆϕsµ(τ)) = ω0 ∧ . . . ∧ ωi−1
for eah i ∈ {1, . . . , 2k + 2}. Thus, let j ∈ {1, . . . , k1}. By the identities in (6) we get
∂
∂tj
(sν(σ)⊗ˆϕsµ(τ)) =
∂
∂tj
(sν(σ))⊗ˆϕsµ(τ) + sν(σ)⊗ˆϕ
∂
∂tj
(sµ(τ))
= sν(
∂σ
∂tj
)⊗ˆϕsµ(τ)
By onsequene we have that
Γj(sν(σ)⊗ˆϕsµ(τ)) = sν(Γj(σ))⊗ˆϕ1q = sν(Γj(σ⊗ˆϕ1q))
proving the indution start.
Now, suppose that
Γ1(sν(σ)⊗ˆϕsµ(τ)) ∧ . . . ∧ Γki(sν(σ)⊗ˆϕsµ(τ)) = ω0 ∧ . . . ∧ ωi−1
for some i ∈ {1, . . . , 2k+1}. We will only onsider the ase of i = 2r being even. The odd ase
an be proven by similar arguments. Thus, let j ∈ {k2r +1, . . . , k2r+1}. By the identities in (6)
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we get
∂
∂tj
(sν(σ)⊗ˆϕsµ(τ)) = sA2k+1 . . . sA2r+1
∂
∂tj
(sA2r−1 . . . sA1(σ))⊗ˆϕsµ(τ)
+ sν(σ)⊗ˆϕsA2k . . . sA2r+2
∂
∂tj
(sA2r . . . sA0(τ))
= sν(
∂σ
∂tj−Or−1
)⊗ˆϕsµ(τ) + sν(σ)⊗ˆϕsµ(
∂τ
∂tk2r−Er−1
)
Noting that k2r −Er−1 = Or−1 we dedue the identity
Γj(sν(σ)⊗ˆϕsµ(τ)) = sν(Γj−Or−1(σ⊗ˆϕ1q)) + sµ(ΓOr−1(1p⊗ˆϕτ))
But the term sµ(ΓOr−1(1p⊗ˆϕτ)) already appears in the wedge produt
ω2r−1 = sµ(ΓOr−2+1(1p⊗ˆϕτ) ∧ . . . ∧ ΓOr−1(1p⊗ˆϕτ))
Using the indution hypothesis we thus get that
Γ1(sν(σ)⊗ˆϕsµ(τ)) ∧ . . . ∧ Γk2r+1(sν(σ)⊗ˆϕsµ(τ))
=
(
ω0 ∧ . . . ∧ ω2r−1
)
∧ sν
(
Γk2r+1−Or−1(σ⊗ˆϕ1q) ∧ . . . ∧ Γk2r+1−Or−1(σ⊗ˆϕ1q)
)
= ω0 ∧ . . . ∧ ω2r
proving the indution step. 
To ontinue further, we will need the following Lemma whih an be proved by a diret but
tedious omputation,
Lemma 4.2. For any pair of ontinuous maps α : ∆n → A and β : ∆m → B we have the
identity ∑
(µ,ν)∈Σ(n,m)
∫
∆n+m
sν(α)⊗ sµ(β) dt1 . . . dtn+m
= (
∫
∆n
α dt1 . . . dtn)⊗ (
∫
∆m
β dt1 . . . dtm)
in the unital Banah algebra A⊗ˆB.
Let φ : Mp(A)⊗ˆMq(B)→ Mpq(A⊗ˆB) denote the ontinuous algebra homomorphism assoiated
with the hoie of the isomorphism ϕ : Ap⊗ZB
q → (A⊗ZB)
pq
of (A⊗ZB)-bimodules. We are
now ready for the main result of this setion,
Theorem 4.3. For eah pair of smooth maps σ : ∆n → GLp(A) and τ : ∆
m → GLq(B) we
have the equality
L(σ ×ϕ τ) = φ∗(L(σ) ∧
E L(τ))
in Λn+mMpq(A⊗ˆB).
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Proof. Using Lemma 4.1 and Lemma 4.2 we get that
L(σ ×ϕ τ) =
∑
(µ,ν)∈Σ(n,m)
sgn(µ, ν)
∫
∆n+m
γ(sν(σ)⊗ˆϕsµ(τ)) dt1 . . . dtn+m
=
∑
(µ,ν)∈Σ(n,m)
∫
∆n+m
sν
(
γ(σ⊗ˆϕ1q)
)
∧ sµ
(
γ(1p⊗ˆϕτ)
)
dt1 . . . dtn+m
= L(σ⊗ˆϕ1q) ∧ L(1p⊗ˆϕτ)
The desired result now follows by naturality of the logarithm. 
4.2. The multipliative properties of the antisymmetrization. Let A and B be unital
Banah algebras. We will now show that the antisymmetrization ε : Λ∗A → C
λ
∗−1(A) respets
the produt strutures on the ontinuous Lie algebra homology and the ontinuous yli ho-
mology. The denition of the antisymmetrization is realled in the beginning of this setion
and the exterior produts onsidered are dened in Setion 2.2 and Setion 2.3.
Theorem 4.4. For eah x ∈ ΛnA and eah y ∈ ΛmB we have the equality
ε(x ∧E y) = ε(x) ∗ ε(y)
in Cλn+m−1(A⊗ˆB).
Proof. Let x = x0 ∧ x1 ∧ . . . ∧ xn−1 ∈ ΛnA and let y = y0 ∧ y1 ∧ . . . ∧ ym−1 ∈ ΛmB. For eah
i ∈ {0, 1, . . . , n+m− 1}, let
zi =
{
xi ⊗ 1B for i ∈ {0, . . . , n− 1}
1A ⊗ yi−n for i ∈ {n, . . . , n+m− 1}
By denition of the exterior wedge produt and the antisymmetrization map we get
ε(x ∧E y) =
∑
s∈Σn+m−1
sgn(s)z0 ⊗ zs(1) ⊗ . . .⊗ zs(n+m−1)
However, using the bijetive orrespondene
Σ(n−1,m) × (Σn−1 × Σm)→ Σn+m−1 (µ, (σ × τ)) 7→ µ ◦ (σ × τ)
we reognize the right hand side as the exterior Hohshild shue produt of the elements∑
σ∈Σn−1
sgn(σ)x0 ⊗ xσ(1) ⊗ . . .⊗ xσ(n−1) and
∑
τ∈Σm
sgn(τ)1B ⊗ yτ(0) ⊗ . . .⊗ yτ(m−1)
We therefore have
ε(x ∧E y) = ε(x)× ε(1B ∧ y) = ε(x)× (sNε)(y) = ε(x) ∗ ε(y)
proving the desired result. 
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4.3. The multipliative properties of the generalized trae. In this setion we will show
that the generalized trae TR : Cλ∗ (Mp(A)) → C
λ
∗ (A) respets the exterior produt of degree
one in ontinuous yli homology.
Let φ : Mp(A)⊗ˆMq(B) → Mpq(A⊗ˆB) denote the ontinuous algebra homomorphism indued
by some isomorphism ϕ : Ap ⊗Z B
q → (A⊗Z B)
pq
of (A⊗Z B)-bimodules.
Theorem 4.5. For eah x ∈ Cλn(Mp(A)) and eah y ∈ C
λ
m(Mq(B)) we have the equality
TR(x) ∗ TR(y) = (TR ◦ φ∗)(x ∗ y)
in Cλn+m+1(A⊗ˆB).
Proof. Let u ∈ Mp(C) and let v ∈ Mq(C). We start by notiing the identity Tr(φ(u ⊗ v)) =
Tr(u)Tr(v). Here Tr : Mk(C)→ C denotes the usual trae.
Using the formula of [19, Lemma 1.2.2℄ for the generalized trae we thus get that
(TR ◦ φ∗)(x× (sN)(y)) = TR(x)× (TRsN)(y)
The result of the Theorem then follows from the identity (TRsN)y) = (sNTR)(y), see [19,
Lemma 2.2.8℄ for example. 
4.4. The multipliative properties of the Hurewiz homomorphism. Let A and B
be unital Banah algebras. In this setion we will investigate the behaviour of the Hurewiz
homomorphism with respet to the exterior produt in relativeK-theory and the exterior shue
produt on the homology of the simpliial sets Rp(A). The exterior produt in relativeK-theory
was onstruted in Setion 3 and the exterior shue produt was dened in Setion 2.1.
For eah n ∈ N denote the lass of 1 ∈ Z under the isomorphism Z ∼= Hn(S
n) by 1n ∈ Hn(S
n).
Furthermore, we let
sh : Hn(S
n)⊗Z Hm(S
m)→ Hn+m(S
n × Sm)
denote the shue map in singular homology. Let pi : Sn × Sm → Sn ∧ Sm denote the quotient
map. We then get the equality
(7) (pi∗ ◦ sh)(1n ⊗ 1m) = 1n+m
in Hn+m(S
n+m) ∼= Z. For notational reasons we dene
ζ := sh(1n ⊗ 1m) ∈ Hn+m(S
n × Sm)
The next Lemma is the rst step needed in order to express the Hurewiz homomorphism of a
produt in terms of the Hurewiz homomorphism of the original elements.
Lemma 4.6. Let p, q ∈ {3, 4, . . .}. Let f : Sn → |Rp(A)|
+
and g : Sm → |Rq(B)|
+
be
ontinuous maps. We then have the equality
(f⊗ˆ
+
g)∗(ζ) = ι∗(hn(f)× hm(g))
in Hn+m(R(A⊗ˆB)) ∼= Hn+m(|R(A⊗ˆB)|
+). Here ι : Rpq(A⊗ˆB) → R(A⊗ˆB) denotes the inlu-
sion.
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Proof. Let us x an isomorphism ϕ : Ap ⊗Z B
q → (A⊗Z B)
pq
of (A⊗Z B)-bimodules.
Up to anonial identiations in homology we get that the ompositions
⊗ˆ
+
∗ ◦ sh : Hn(|Rp(A)|
+)⊗Z Hm(|Rq(B)|
+)
→ Hn+m(|Rp(A)|
+ × |Rq(B)|
+)→ Hn+m(|R(A⊗ˆB)|
+) and
ι∗ ◦ (⊗ˆϕ)∗ ◦ sh : Hn(Rp(A))⊗Z Hm(Rq(B))
→ Hn+m(Rp(A)× Rq(B))→ Hn+m(R(A⊗ˆB))
oinide. See Setion 2.1 and Setion 3.3.
By denition of the exterior shue produt and the Hurewiz homomorphism we thus have
ι∗(hn(f)× hm(g)) = (⊗ˆ
+
∗ ◦ sh)(f∗(1n)⊗ g∗(1m)) = (⊗ˆ
+
∗ ◦ (f × g)∗)(ζ)
proving the Lemma. 
The ombination of the next Lemma and Lemma 4.6 entails that the Hurewiz homomorphism
respets the produt strutures in an appropriate sense.
Lemma 4.7. Suppose that the elements x ∈ Kreln (A) and y ∈ K
rel
m (B) are represented by the
ontinuous maps
f : Sn → |Rp(A)|
+ ⊆ |R(A)|+ and g : Sm → |Rq(B)|
+ ⊆ |R(B)|+
respetively. We then have the equality
hn+m(x ∗
rel y) = (γrelp, q ◦ (f × g))∗(ζ)
in Hn+m(|R(A⊗ˆB)|
+). Here γrelp, q : |Rp(A)|
+×|Rq(B)|
+ → |R(A⊗ˆB)|+ denotes the produt map
onstruted in Setion 3.3.
Proof. By denition, the produt x ∗rel y ∈ Kreln+m(A⊗ˆB) is represented by the map
γ̂relp, q ◦ (f ∧ g) : S
n ∧ Sm → |R(A⊗ˆB)|+
Using (7) we thus get that the Hurewiz homomorphism of the produt is given by
hn+m(x ∗
rel y) = (γ̂relp, q ◦ (f ∧ g))∗(1n+m)
= (γ̂relp, q ◦ (f ∧ g) ◦ pi)∗(ζ)
= (γ̂relp, q ◦ pi ◦ (f × g))∗(ζ)
The result of the lemma now follows by noting that the maps
γ̂relp, q ◦ pi and γ
rel
p, q : |Rp(A)|
+ × |Rq(B)|
+ → |R(A⊗ˆB)|+
are homotopi. See Setion 3.3. 
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4.5. The relative Chern harater respets the exterior produts. We are now ready to
prove the main result of this part of the paper: The ounterpart in ontinuous yli homology
of the exterior produt in relative K-theory is given by the exterior produt of degree one. The
relevant multipliative strutures are desribed in Setion 3.3 and Setion 2.3.
Let + : HC∗(A)⊕HC∗(A)→ HC∗(A) denote the addition on the ontinuous yli homology
groups. Let pi : H∗(R(A) × R(A)) → H∗(R(A)) ⊕ H∗(R(A)) denote the map indued by the
projetion onto eah fator. Furthermore, let ⊕ : R(A) × R(A) → R(A) denote the pointwise
diret sum as introdued in Setion 3.2. We will need the following preliminary result on the
additive strutures.
Lemma 4.8. We have the equality
+ ◦
(
(TR ◦ ε ◦ L)⊕ (TR ◦ ε ◦ L)
)
◦ pi = TR ◦ ε ◦ L ◦ ⊕∗
between maps Hn(R(A) × R(A)) → HCn−1(A). Here we have suppressed the identiation
Hn(R(A)) ∼= Hn(R
∞(A)) of Lemma 3.2.
Proof. The result is a onsequene of the naturality of the involved maps and the behaviour of
the generalized trae with respet to the diret sum operation. 
Using the work aomplished in Setion 4.1, 4.2, 4.3 and 4.4 we are now able to prove the rst
main theorem of this paper.
Theorem 4.9. For eah x ∈ Kreln (A) and eah y ∈ K
rel
m (B) we have the equality
h
rel(x ∗rel y) = hrel(x) ∗ hrel(y)
in HCn+m−1(A⊗ˆB).
Proof. Suppose that x ∈ Kreln (A) and y ∈ K
rel
m (B) are represented by the maps f : S
n →
|Rp(A)|
+ ⊆ |R(A)|+ and g : Sm → |Rq(B)|
+ ⊆ |R(B)|+ respetively. By Lemma 4.7 we have
h
rel(x ∗rel y) = (TR ◦ ε ◦ L ◦ hn+m)(x ∗
rel y)
= (TR ◦ ε ◦ L) ◦ (γrelp,q ◦ (f × g))∗(ζ)
However it follows by denition of γrelp,q : |Rp(A)|
+ × |Rq(B)|
+ → |R(A⊗ˆB)|+ and by Lemma
4.6 and Lemma 4.8 that
(TR ◦ ε ◦ L) ◦ (γrelp,q ◦ (f × g))∗(ζ)
= (TR ◦ ε ◦ L)(hn(f)× hm(g)) + (TR ◦ ε ◦ L)
(
(V∗ ◦ ι∗)(hn(1p)× hm(g))
)
+ (TR ◦ ε ◦ L)
(
(V∗ ◦ ι∗)(hn(f)× hm(1q))
)
+ (TR ◦ ε ◦ L)(hn(1p)× hm(1q))
Here V : |R(A⊗ˆB)|+ → |R(A⊗ˆB)|+ denotes the homotopy inverse of the H-group struture on
|R(A⊗ˆB)|+, see Setion 3.2. But the elements hn(1p) ∈ Hn(Rp(A)) and hm(1q) ∈ Hm(Rq(B))
are both trivial so we must have
h
rel(x ∗rel y) = (TR ◦ ε ◦ L)(hn(f)× hm(g))
The onlusion of the Theorem now follows from a ombination of the results in Theorem 4.3,
Theorem 4.4 and Theorem 4.5. 
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5. A alulation of the multipliative harater
We start this setion by briey realling the onstrution of the multipliative harater as
given in [12℄. See also [16, 24℄.
Let (F,H) denote an odd 2p-summable Fredholm module over a unital Banah algebra A. To
ease the exposition we will assume that the representation pi : A → L(H) and the map a 7→
[F, pi(a)] ∈ L2p(H) are both ontinuous. We will always suppress the representation. Remark
that the onditions on ontinuity are not neessary for the onstrution of the multipliative
harater to work. They are however onvenient for our exposition. See [12℄.
The ontinuous linear map
τ2p−1 : C
λ
2p−1(A)→ C (a0, . . . , a2p−1) 7→
cp
22p
Tr(F [F, a0] · . . . · [F, a2p−1])
where cp = (−1)
p−1 (2p−1)!
(p−1)!
then determines a ontinuous yli oyle and onsequently a
homomorphism
τ2p−1 : HC2p−1(A)→ C
See [10, 11℄. The omposition of this index oyle with the relative Chern harater thus yields
a homomorphism
τ2p−1 ◦ h
rel
2p : K
rel
2p (A)→ C
This is the additive harater of the Fredholm module.
The next step in the onstrution then onsists of showing that the image of the omposition
τ2p−1 ◦ h
rel
2p ◦ v : K
top
2p+1(A)→ C
is ontained in the additive subgroup (2pii)pZ ⊆ C. Here the map v : Ktop2p+1(A) → K
rel
2p (A) is
the boundary map of the long exat sequene (4) in Setion 3. This is aomplished in [12,
Setion 4.10℄. By onsequene the additive harater desends to a homomorphism
MF : Coker(v) ∼= Im(θ)→ C/(2pii)
pZ
This is the odd multipliative harater assoiated with the odd 2p-summable Fredholm module
(F,H). With some further eort the multipliative harater an be extended to a map on
algebrai K-theory, however we will only need the restrition to the subgroup Im(θ) ⊆ K2p(A)
for our alulations. Again, remark that the multipliative harater dened in this setion
diers from the one given in [12℄ by the onstant (2p− 1)! on K2p(A).
5.1. The relative Chern harater of a produt of ontrations. Let A be a ommuta-
tive, unital Banah algebra. In this setion we will give a onrete formula for the appliation
of the relative Chern harater to produts of ertain elements in relative K-theory. We will
make use of the multipliative properties of the relative Chern harater whih we investigated
in Setion 4.
We let
∗rel : Kreln (A)×K
rel
m (A)→ K
rel
n+m(A) and ∗ : HCn−1(A)⊗C HCm−1(A)→ HCn+m−1(A)
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denote the (interior) produts in relative K-theory and ontinuous yli homology. Note that
these produts are only available by the ommutativity assumption on A. See Setion 3.3 and
Setion 2.3.
Furthermore, for eah a ∈M∞(A) we let γa ∈ R(A)1 denote the smooth path dened by
γa(t) = e
−ta
for all t ∈ [0, 1]
Theorem 5.1. Let a0, . . . , a2p−1 ∈M∞(A). The relative Chern harater of the produt
x = [γa0 ] ∗
rel . . . ∗rel [γa2p−1 ] ∈ K
rel
2p (A)
is given by
h
rel(x) =
∑
µ∈Σ2p−1
sgn(µ)TR(a0)⊗ TR(aµ(1))⊗ . . .⊗ TR(aµ(2p−1)) ∈ HC2p−1(A)
Proof. By Theorem 4.9 we have
h
rel(x) = hrel[γa0 ] ∗ . . . ∗ h
rel[γa2p−1 ] ∈ HC2p−1(A)
Furthermore, the relative Chern harater of the individual terms is given by
h
rel([γa]) = (TR ◦ ε ◦ L)([γa]) = TR(
∫ 1
0
dγa
dt
· γ−1a dt) = −TR(a)
for eah a ∈M∞(A). The desired result now follows by denition of the produt of degree one
in ontinuous yli homology. 
5.2. Produts of ommutators and the yli oyle of A. Connes. Our purpose is
now to obtain a dierent expression for the evaluation of the index oyle to ertain elements
in the yli homology group. We refer to the beginning of Setion 5 for the denition of the
index oyle whih was (of ourse) originally introdued by A. Connes, [10, 11℄.
Let (F,H) be an odd 2p-summable Fredholmmodule over a ommutative, unital Banah algebra
A. We will suppose that the representation pi : A→ L(H) and the linear map a 7→ [F, pi(a)] ∈
L2p(H) are ontinuous. Let P = F+1
2
denote the assoiated projetion.
For eah n ∈ N, let SEn ⊆ Σn denote the subset of permutations dened by
s ∈ SEn ⇔
(
s ∈ Σn and s(2i) < s(2i+ 1)
)
We then have the following ombinatorial result, whih an be proved by indution.
Lemma 5.2. For eah algebra B over C we have the identity∑
µ∈Σ2p
sgn(µ)xµ(0) ⊗ . . .⊗ xµ(2p−1) =
∑
s∈SE2p
sgn(s)Xs(0), s(1) ⊗ . . .⊗Xs(2p−2), s(2p−1)
in the tensor produt B⊗2p. Here Xs(2i), s(2i+1) ∈ B ⊗B denotes the ommutator
Xs(2i), s(2i+1) = xs(2i) ⊗ xs(2i+1) − xs(2i+1) ⊗ xs(2i)
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Now, let T ∈ C2p−1(A) denote the ohain given by
T : (x0, . . . , x2p−1) 7→ cpTr(Px0(1− P )x1P · . . . · Px2p−2(1− P )x2p−1P )
Here cp = (−1)
p−1 (2p−1)!
(p−1)!
. We then note that T ◦ t2 = T and that T ◦ (1 + t) = τ2p−1, where
τ2p−1 ∈ C
2p−1
λ (A) is the index oyle assoiated with the odd 2p-summable Fredholm module
(F,H) over A. We an thus onlude that T ◦N = p · τ2p−1.
Theorem 5.3. For eah x0, . . . , x2p−1 ∈ A we have the identity∑
µ∈Σ2p−1
sgn(µ)τ2p−1(x0 ⊗ xµ(1) ⊗ . . .⊗ xµ(2p−1))
= (−1)pcp
∑
s∈SE2p−1
sgn(s)Tr([Px0P, Pxs(1)P ] · . . . · [Pxs(2p−2)P, Pxs(2p−1)P ])
Proof. Using Lemma 5.2 and the onsiderations preeeding the statement of the Theorem we
get that ∑
µ∈Σ2p−1
sgn(µ)τ2p−1(x0 ⊗ xµ(1) ⊗ . . .⊗ xµ(2p−1))
=
1
p
∑
µ∈Σ2p
sgn(µ)T (xµ(0) ⊗ xµ(1) ⊗ . . .⊗ xµ(2p−1))
=
1
p
∑
s∈SE2p
sgn(s)T (Xs(0), s(1) ⊗ . . .⊗Xs(2p−2), s(2p−1))
However, by ommutativity of A we get the relation
[PxP, PyP ] = −Px(1 − P )yP + Py(1− P )xP ∀x, y ∈ A
It follows that∑
µ∈Σ2p−1
sgn(µ)τ2p−1(x0 ⊗ xµ(1) ⊗ . . .⊗ xµ(2p−1))
=
(−1)p
p
cp
∑
s∈SE2p
sgn(s)
Tr([Pxs(0)P, Pxs(1)P ] · . . . · [Pxs(2p−2)P, Pxs(2p−1)P ])
= (−1)pcp
∑
s∈SE2p−1
sgn(s)
Tr([Px0P, Pxs(1)P ][Pxs(2)P, Pxs(3)P ] · . . . · [Pxs(2p−2)P, Pxs(2p−1)P ])
In the last equation we have used that the set of permutations SE2p−1 an be viewed as the
quotient of SE2p by an ation of the yli group on p elements. We have thus obtained the
desired result. 
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5.3. An evaluation of the multipliative harater on higher Loday symbols. We are
now ready to prove our onrete formula for the appliation of the multipliative harater to
higher Loday produts. This will aomplish the main purpose of the paper.
Let (F,H) be an odd 2p-summable Fredholmmodule over a ommutative, unital Banah algebra
A. We will suppose that the representation pi : A→ L(H) and the linear map a 7→ [F, pi(a)] ∈
L2p(H) are ontinuous. Let P = F+1
2
denote the assoiated projetion. We refer to the
beginning of Setion 5 for a brief reminder on the onstrution of the multipliative harater.
Theorem 5.4. Let a0, . . . , a2p−1 ∈ M∞(A). The multipliative harater of the Loday produt
[ea0 ] ∗ . . . ∗ [ea2p−1 ] ∈ K2p(A) is then given by
MF ([e
a0 ] ∗ . . . ∗ [ea2p−1 ])
= (−1)pcp
∑
s∈SE2p−1
sgn(s)
Tr([PTR(a0)P, PTR(as(1))P ] · . . . · [PTR(as(2p−2))P, PTR(as(2p−1))P ])
∈ C/(2pii)pZ
Proof. For eah i ∈ {0, . . . , 2p − 1} we let γai ∈ R(A)1 denote the smooth path given by
γai : t 7→ e
−tai
. We then have
θ([γai ]) = [γai(1)
−1] = [eai ]
By Theorem 3.17 the map θ : ⊕∞n=1K
rel
n (A)→ ⊕
∞
n=1Kn(A) is a homomorphism of graded rings,
so we get that
θ([γa0 ] ∗
rel . . . ∗rel [γa2p−1 ]) = [e
a0 ] ∗ . . . ∗ [ea2p−1 ]
By denition of the multipliative harater we then have
MF ([e
a0 ] ∗ . . . ∗ [ea2p−1 ]) = (τ2p−1 ◦ h
rel)([γa0 ] ∗
rel . . . ∗rel [γa2p−1 ]) ∈ C/(2pii)
pZ
But it follows from Theorem 5.1 and Theorem 5.3 that the right hand side is given by
(τ2p−1 ◦ h
rel)([γa0 ] ∗
rel . . . ∗rel [γa2p−1 ])
=
∑
µ∈Σ2p−1
sgn(µ)τ2p−1(TR(a0)⊗ TR(aµ(1))⊗ . . .⊗ TR(aµ(2p−1)))
= (−1)pcp
∑
s∈SE2p−1
sgn(s)
Tr([PTR(a0)P, PTR(as(1))P ] · . . . · [PTR(as(2p−2))P, PTR(as(2p−1))P ])
proving the desired result. 
Corollary 5.5. For any ommutative unital Banah algebra the multipliative harater is
alulizable on the subgroup of K2p(A) generated by Loday produts of elements in the onneted
omponent of the identity, GL0(A).
Proof. Sine eah element in GL0(A) an be obtained as a produt of exponentials, the result
follows by noting that the Loday produt is multilinear and that the multipliative harater
is a homomorphism of abelian groups. 
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